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Apparent horizon finder for general three-dimensional spaces
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We present a numerical method for finding the apparent horizon in general three-dimensional~3D! spaces
without any symmetries for 3D numerical relativity. We apply this method for black hole spacetimes to
demonstrate its quick convergence to solutions and reasonable accuracy.

PACS number~s!: 04.25.Dm
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I. INTRODUCTION

In Ref. @1#, Shibata presented a method for determin
the two-surface of the apparent horizons for a special fam
of 3D spaces in which the system has certain symmet
~e.g.,p-rotation symmetry around thez axis and plane sym
metry with respect to the equatorial plane!. In this method, a
matrix equation is derived by taking the finite differencing
an elliptic-type equation for the two-surface of the appar
horizon @see Eq.~2.1!#. Then, the matrix equation is solve
iteratively until a sufficient convergence is achieved. This
in contrast with other popular methods proposed so fa
which spectrum decompositions are introduced@2–5# ~see
also other approaches in@6,7#!. This apparent horizon finde
has been used in recent 3D numerical simulations to de
mine black hole formation at the late stage of merger
tween two identical neutron stars or clusters of equal m
and spin@8# as well as gravitational collapses of rotatin
neutron stars or ellipsoids@9#. It, however, cannot be applie
to problems in which no symmetries exist such as the me
between two neutron stars of unequal mass or the merge
a black-hole–neutron-star binary to form a black hole.

Recently, we have become aware of a way to extend
previous code for general 3D spaces of no symmetries
this Brief Report, we describe a method for improvement
an addendum of@1#, and present the numerical results for t
test problems to show the robustness. In Sec. II, we desc
the numerical method for finding the apparent horizon.
Sec. III, numerical results for some test problems are p
sented. Section IV is devoted to a summary.

II. METHOD

We assume that the two-surface of an apparent horizo
expressed byh(w,u) wherew andu denote angles in appro
priately defined spherical polar coordinates@10#. Then, we
write the equation for the apparent horizon in the form@1#

]2h

]u21cotu
]h

]u
1

1

sin2 u

]2h

]w2 22h5S, ~2.1!

whereS is composed of geometric variables and complica
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function ofh ~see, e.g., Ref.@1#!. Following @1#, we take the
grid points in numerical computation as

w i5S i 2
1

2DDw, i 51,2, . . . ,Nw , ~2.2!

u j5S j 2
1

2DDu, j 51,2, . . . ,Nu , ~2.3!

whereNw andNu denote the grid numbers inw andu direc-
tions, respectively, and by them, we can defineDw
[2p/Nw andDu[p/Nu . Then, we search for the solutio
for h( i , j ) of 1< i<Nw and 1< j <Nu .

The matrix equation forhk @k5 i 1( j 21)Nw# is derived
by taking the standard second-order finite differencing
Eq. ~2.1! as

]2h

]u25
h~ i , j 11!22h~ i , j !1h~ i , j 21!

Du2 , ~2.4!

]h

]u
5

h~ i , j 11!2h~ i , j 21!

2Du
, ~2.5!

]2h

]w25
h~ i 11,j !22h~ i , j !1h~ i 21,j !

Dw2 .

~2.6!

Here, at i 51 and Nw and j 51 and Nu , there appear the
terms at dummy points,h(0,j ), h(Nw11,j ), h( i ,0), and
h( i ,Nu11), which are not defined in Eqs.~2.2! and~2.3!. To
obtain the matrix equation, we need appropriate condition
replace them withh( i , j ) of 1< i<Nw and 1< j <Nu . For
the former two, we may use the conditionsh(0,j )
5h(Nw , j ) andh(Nw11,j )5h(1,j ) because the 2p-rotation
symmetry holds in any 3D space. On the other hand, we h
not been aware of boundary conditions for the latter two
general 3D spaces of no symmetries. This was one of
reasons that we previously restricted our study to a spe
family of 3D spaces@1# in which we could adopt the bound
ary condition]h/]u50 at u50 andp ~or p/2) and use the
relationsh( i ,0)5h( i ,1) andh( i ,Nu11)5h( i ,Nu) to obtain
the matrix equation.
©2000 The American Physical Society01-1



in
(

f n

ly

s

gu

no
rte

h

n
,

ic,

ild

n is

se
d

is

,
e

e

-

ri-

at

BRIEF REPORTS PHYSICAL REVIEW D 62 087501
However, there is no such difficulty in reality.h( i ,0) and
h( i ,Nu11) can be replaced with otherh( i , j ) in the regular
grid points because we may recognize that the dummy po
( i ,0) and (i ,Nu11) are located at the same points asi
6Nw/2,1) and (i 6Nw/2,Nu), respectively~see Fig. 1!; i.e.,
we can use the relations

h~ i ,0!5H h~ i 1Nw/2,1! 1< i<Nw/2,

h~ i 2Nw/2,1! Nw/211< i<Nw ,
~2.7!

h~ i ,Nu11!5H h~ i 1Nw/2,Nu! 1< i<Nw/2,

h~ i 2Nw/2,Nu! Nw/211< i<Nw .
~2.8!

Therefore, the matrix equation forhk is constructed in a
straightforward manner even in the general 3D spaces o
symmetries.

In the numerical implementation, we move the term
h( i ,0)2h( i ,1) andh( i ,Nu11)2h( i ,Nu), which appear on
the left-hand side of Eq.~2.1! at j 51 and Nu and do not
vanish unless]h/]u50, to the right-hand side and app
Eqs.~2.7! and~2.8!. Then, Eq.~2.1! is reduced to the matrix
equation in the formMlkhk5S̃l @k,l 5 i 1( j 21)Nw# where
1< l ,k<Nw3Nu and the matrixMlk has the same form a
that adopted in@1# @see Eq.~2.20! of @1##. We can use the
same numerical method as that adopted in@1# for solving the
matrix equation iteratively. One concern is whether the re
larity is maintained aroundu50 andp in this method be-
cause there appear many terms of sin2n u (n51,2) in Eq.
~2.1!. In the next section, we demonstrate that it does
matter and our new scheme can capture a highly disto
apparent horizon.

III. NUMERICAL TESTS

Throughout this paper, we assume that the three-space
the conformal flat line element as

dl25c4h i j dxidxj , ~3.1!

FIG. 1. Schematic figure for the location of grid points foru j in
w i andw i1p planes withw i being constant. The figure shows th
the dummy points (i ,0) and (i ,Nu11) coincide with the regular
points (i 1Nw/2,1) and (i 1Nw/2,Nu), respectively. Note that in this
figure we assume 1< i<Nw/2.
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whereh i j denotes the flat spatial metric, andc satisfies an
elliptic-type equation which is derived from the Hamiltonia
constraint~e.g.,@1#!. In the following numerical experiments
we setNw52Nu[2N and changeN to investigate the con-
vergence.

As a first step, we pay attention to the time-symmetr
vacuum 3D spaces; i.e., extrinsic curvatureKi j is vanishing.
Following Nakamura, Kojima, and Oohara@2#, we first apply
our apparent horizon finder to the shifted Schwarzsch
black hole in which

c511
M

2ux2x0u
, ~3.2!

whereM is the gravitational mass of the system@11# andx0
is the nonzero vector. In this case, the apparent horizo
located atux2x0u5M /2 with the areaA516pM2. Here, we
choosex05(a,a,a/2) as an example. In this test, we choo
w and u which are identical with those of the backgroun
coordinatesx ~hereafter we denote them asw̄ and ū). As an
initial guess, we simply giveh( i , j )5M . Hereafter, we
judge that the convergence to a numerical solution
achieved when the difference of a norm( i , jh( i , j )2 for next
two iteration steps becomes less than 1028.

In Fig. 2~a!, we show

h[12A A

16pM2 ~3.3!

as a function ofN21 for a/M50.1 and 0.2. In this 3D space
h is zero for exacth so that h may be regarded as th
measure of the error forA. In Fig. 2~b!, we also show an
error of the solution defined as

E[
1

NuNwM (
i 51

Nw

(
j 51

Nu

uh~ i , j !2he~ i , j !u, ~3.4!

wherehe( i , j ) is the exact solution. In this experiment, w
chooseN515, 30, and 60. As is shown in Fig. 2,h andE
decrease in proportion toN22, which shows that the second
order convergence is achieved in our code.

Within ;30 iteration steps, the convergence to a nume
cal solution is achieved fora&0.1M . The number of itera-
tion steps increases with increasinga, but it is at most;50

FIG. 2. h andE as a function ofN21 for a/M50.1 ~triangles!
and 0.2~squares! for a shifted Schwarzschild black hole.
1-2
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BRIEF REPORTS PHYSICAL REVIEW D 62 087501
even fora50.2M . These facts imply that even if the initia
guess is not very good, the convergence is achieved fa
quickly. The computational time per one iteration is typica
0.1 CPU second using a FACOM VX/4R machine even
the N560 case, which will occupy a tiny fraction in our 3D
simulation in full general relativity@8#.

We note that even for the casea50.2M , the apparent
horizon is determined accurately. This implies that the ori
of the coordinate system for (w,u) may highly deviate from
the centers of the black hole. This will be a desirable pr
erty because the location of the center of a black hole is
general not clear in 3D numerical simulations.

Next, we apply the apparent horizon finder to a 3D sp
of three black holes of equal massm ~i.e., the total gravita-
tional massM is 3m). For simplicity, we choosec in the
Brill-Lindquist form @12#

c511
m

2 (
n51

3
1

ux2xnu
. ~3.5!

Here, we locatexn at the vertex of an equilateral triangle. W
choosexn as (L/2,6L/2,0) and„L(12A3)/2,0,0… whereL
denotes the coordinate length of the side of the triangle.
though the system has the plane symmetries with respe
they50 andz50 planes, we solve Eq.~2.1! without impos-
ing these symmetries in numerical experiment.

As shown by Ooharaet al. @3#, only the apparent horizon
for encompassing individual black hole exist for the ca
when L is large enough. On the other hand, ifL is small
enough, the common apparent horizon encompassing al
black holes exists. Hereafter, we search for the common
parent horizon with (w,u)5(w̄,ū) and from an initial guess
for the solution ashk52m. For the smaller apparent horizo
encompassing one black hole, we define (w,u) so that the
origin is at x5xn and give the initial guess ashk50.5m.
Irrespective ofL, the apparent horizon for the smaller hole
determined with;30 iteration steps. On the other hand, t
iteration steps increase with increasingL for determining the
common apparent horizon. ForL;1.5m, ;40 iteration steps
are enough, but forL*2m, more than 100 iteration steps a
necessary.

In Fig. 3~a!, we show the area of the apparent horiz

FIG. 3. ~a! Area of the apparent horizon in units of 16pm2 for
one of three black holes as a function ofm/L. ~b! The error for
estimation of the area as a function ofm/L for N515 ~dashed line!,
30 ~dotted line!, and 60~solid line!.
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Aone in units of 16pm2 for one of three black holes as
function ofm/L. We perform the computation changingN as
15 ~dotted line!, 30 ~dashed line!, and 60~solid line!, and
derive the extrapolated value in the limitN→` assuming
that the numerical results forN behave asAone(N)5Aone
1CN22 whereC is a constant. We find thatAone is in good
agreement of the previous result presented in@3#. In Fig.
3~b!, we show the error for estimation of the area defined

U12
Aone~N!

Aone
U, ~3.6!

for N515 ~dashed line!, 30 ~dotted line!, and 60~solid line!.
We find that the numerical results are second-order con
gent irrespective ofL and that the area is obtained with
0.2% error even forN515.

Next, we determine the maximum allowed value ofL,
Lcrit , for the existence of the common apparent horiz
changingN. We find thatLcrit /m52.02 for N515, 2.04 for
N530 and 60, and 2.05 forN590. Thus, it is expected tha
Lcrit is .2.05m in the limit N→`. This value approximately
agrees with the previous result by Ooharaet al. who con-
clude thatLcrit52.0m @3#.

In Fig. 4, we show the error for the estimation ofh of the
common apparent horizon as a function ofN21 for L
51.5m and 2.0m. This figure is obtained as follows: Firs
we determine the asymptotic value ofh at N→` ~hereafter
hN→`) assuming thath behaves ashN→`1C8N22 for large
N where C8 is a constant, resulting inhN→` being 6.60
31023 for L52m and 1.4131023 for L51.5m. Then, we
plot h2hN→` as a function ofN21. The figure shows tha
the results are second-order convergent with increasing
grid number. We note that Ooharaet al. computedh56.62
31023 for L52m @3#, which is in good agreement with ou
result .6.6031023. The error of the area is approximate
evaluated by 2dh wheredh denotes the error ofh. Thus,
even forN515, the error for the estimation of the area is le
than 0.1% forL51.5m. For L52.0m, the error for the esti-
mation of the area is larger than that forL51.5m, indicating
that a largeN is necessary for highly nonspherical appare
horizons. However, the error is still at most;0.2% for N
530. Therefore, for determining the area of the appar
horizon within ;1% error, N530 appears to be a suffi
ciently large grid number.

FIG. 4. Error for estimation ofh as a function ofN21 for L
51.5m ~squares! and 2m ~triangles! for three black holes.
1-3
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Finally, we apply this finder to an initial data of two o
biting black holes of equal mass to demonstrate that it wo
well even for time-asymmetric 3D space and numerical d
sets. Data sets for binary black holes are obtained inputtin
dense spherical dust matter and adding a uniform velo
field to the spatial component of the four velocity asui
5(0,Vx/uxu,0) whereV is a positive constant. Here, we a
sume that the centers of mass of two dust balls are loc
along the x axis. The parabolic density profile forr*
[rc6A11V2/c4 wherer is the rest mass density is give
for the dust balls as in@1# so that the momentum constrai
can be solved analytically. On the other hand, the Ham
tonian constraint~i.e., the equation forc) is solved numeri-
cally as in @1#. We choose (w,u), identifying their center
with the center of the dust balls, and giveh51.5r 0 as the

FIG. 5. Locations of apparent horizons~solid lines! for two
orbiting black holes. The dotted lines denote surface of the d
balls. The arrow denotes the direction of the motion of the d
balls.
.
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initial guess. As an example, in Fig. 5, we show the locat
of apparent horizons on the orbital plane~solid lines! for the
case that the centers of the dust balls are located
x563.5r 0[xc , and the total rest mass, the Arnowitt-Dese
Misner ~ADM ! mass, and the total angular momentum of t
system are 10r 0 , 6.8r 0, and 35r 0

2. Here, the dashed line
denote the surface of the dust balls, and all quantities
normalized by the radius of the dust ballsr 0. We note that
the apparent horizon is typically determined within 30 ite
tion steps for a wide range ofV<0.5 anduxcu/r 0<4. It is
interesting to report that the apparent horizons are shifte
the opposite direction to the moving direction due to t
boost motion as shown in@13#.

IV. SUMMARY

We have briefly described a numerical method for findi
apparent horizons in general 3D spaces of no symmet
Showing numerical results for test problems, we have de
onstrated that this code can determine the apparent hor
in general 3D spaces. It will be widely used in 3D numeric
relativity, for example, to find the apparent horizon of
black hole formed after merger of binary neutron stars
unequal mass.
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