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Apparent horizon finder for general three-dimensional spaces
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We present a numerical method for finding the apparent horizon in general three-dime(@inspaces
without any symmetries for 3D numerical relativity. We apply this method for black hole spacetimes to
demonstrate its quick convergence to solutions and reasonable accuracy.

PACS numbd(s): 04.25.Dm

[. INTRODUCTION function ofh (see, e.g., Refl]). Following[1], we take the
grid points in numerical computation as

In Ref. [1], Shibata presented a method for determining
the two-surface of the apparent horizons for a special family _ ( i— E Ao i=12 N 2.2
of 3D spaces in which the system has certain symmetries @i 2% R '
(e.g.,m-rotation symmetry around theaxis and plane sym-
metry with respect to the equatorial plank this method, a 1
matrix equation is derived by taking the finite differencing of o;=\1- 2
an elliptic-type equation for the two-surface of the apparent
horizon[see Eq.(2.1)]. Then, the matrix equation is solved whereN,, andN, denote the grid numbers ip and ¢ direc-
iteratively until a sufficient convergence is achieved. This istions, respectively, and by them, we can defidap
in contrast with other popular methods proposed so far inz277/|\|¢ andA 6=m/N,. Then, we search for the solution
which spectrum decompositions are introdu¢@e-5] (see  for h(i,j) of 1<i<N, and I=j<N,.
also other approaches [6,7]). This apparent horizon finder The matrix equation foh, [k=i+(j—1)N,] is derived
has been used in recent 3D numerical simulations to deteby taking the standard second-order finite differencing for
mine black hole formation at the late stage of merger begq. (2.1) as
tween two identical neutron stars or clusters of equal mass

A, j=12,...N,, 2.3

and spin[8] as well as gravitational collapses of rotating #h h(i,j+1)—2h(i,j)+h(i,j—1)

neutron stars or ellipsoid®]. It, however, cannot be applied 902 A 62 ' (2.4

to problems in which no symmetries exist such as the merger

between two neutron stars of unequal mass or the merger of oh h(i,j+1)—h(i,j—1)

a black-hole—neutron-star binary to form a black hole. 90 oA D , (2.5
Recently, we have become aware of a way to extend our

previous code for general 3D spaces of no symmetries. In 2 : N oy Ca

this Brief Report, we describe a method for improvement as J h: h(i+1)=2hd ’ZJ)+ h(i—1j) )

an addendum dfl], and present the numerical results for the de Ao

test problems to show the robustness. In Sec. I, we describe (2.6

the numerical method for finding the apparent horizon. In

Sec. lll, numerical results for some test problems are pre—Here’ ati=1 andN, andj=1 andN,, there appear the

. . terms at dummy pointsh(0,j), h(N,+1,j), h(i,0), and
sented. Section IV is devoted to a summary. h(i,N,+ 1), which are not defined in Eq&2.2) and(2.3. To

obtain the matrix equation, we need appropriate conditions to

Il. METHOD replace them witth(i,j) of 1<i<N, and 1<j<N,. For
i@e former two, we may use the conditions(0,j)
=h(N,,j) andh(N,+1,j) =h(1,j) because the 2-rotation
symmetry holds in any 3D space. On the other hand, we have
not been aware of boundary conditions for the latter two in
general 3D spaces of no symmetries. This was one of the
reasons that we previously restricted our study to a special
_ ~,—2h=Ss, (2.1) family of.??D space$l] in which we could adopt the bound-
Sin’ 6 de ary conditiondh/d6=0 at 6=0 ands (or 7/2) and use the

relationsh(i,0)=h(i,1) andh(i,N,+1)=h(i,N,) to obtain
whereSis composed of geometric variables and complicatedhe matrix equation.

We assume that the two-surface of an apparent horizon
expressed by(¢, 8) whereep and # denote angles in appro-
priately defined spherical polar coordina{d®]. Then, we
write the equation for the apparent horizon in the fdrh

#’h 9O7h 1 4°h
&—02+C0t 19_6'+
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FIG. 1. Schematic figure for the location of grid points #rin . . o
¢; andg; + 7 planes withg; being constant. The figure shows that Where z;; denotes the flat spatial metric, agdsatisfies an
the dummy points i(0) and {,N,+1) coincide with the regular €lliptic-type equation which is derived from the Hamiltonian
points (+N,/2,1) and {(+N,/2N,), respectively. Note that in this constraint(e.g.,[1]). In the following numerical experiments,

figure we assume<i<N,/2. we setN,=2N,=2N and change\ to investigate the con-
vergence.
However, there is no such difficulty in realitii(i,0) and As a first step, we pay attention to the time-symmetric,

h(i,N,+1) can be replaced with oth&(i,j) in the regular vacuum 3D spaces; i.e., extrinsic curvatie is vanishing.
grid points because we may recognize that the dummy pointsollowing Nakamura, Kojima, and Oohdr2], we first apply
(i,0) and {,N,+1) are located at the same points as ( our apparent horizon finder to the shifted Schwarzschild
+N,/2,1) and {(=N,/2Ny), respectively(see Fig. J; i.e,, ~ black hole in which

we can use the relations

M
=1+, 3.2
h(i 0 h(i+N,/2,1) 1<is<N,(/?2, 27 v 2|X—Xo| @32
i,00=1, . . .
h(i—=Ng/2,1) Ng/2+1<i<N,, whereM is the gravitational mass of the systé¢fd] andx,
) . is the nonzero vector. In this case, the apparent horizon is
MG N 1) h(i+Ng/2N,) 1<i=N//?2, g located ajx—xo|=M/2 with the aread=167M?. Here, we
(LN +1)= h(i—=Ng/2Ny Nj/2+1<i<N,. (28 choosexy=(a,a,a/2) as an example. In this test, we choose

¢ and 6 which are identical with those of the background

Therefore, the matrix equation fdr, is constructed in a coordinatex (hereafter we denote them asand 6). As an
straightforward manner even in the general 3D spaces of nmitial guess, we simply giveh(i,j)=M. Hereafter, we
symmetries. judge that the convergence to a numerical solution is

In the numerical implementation, we move the termsachieved when the difference of a noﬁrﬂjh(i,j)2 for next
h(i,0)—h(i,1) andh(i,N,+1)—h(i,N,), which appear on two iteration steps becomes less than &0

the left-hand side of Eq(2.1) at j=1 andN, and do not In Fig. 2(a), we show

vanish unlesssh/96=0, to the right-hand side and apply

Egs.(2.7) and(2.8). Then, Eq.(2.1) is reduced to the matrix . [ A 33
equation in the formM;h,=S [k,I=i+(] —1)N,] where = 167M? '

1=<Il,k=N XN, and the matrixM has the same form as _ . )

that adopted if1] [see Eq.(2.20 of [1]]. We can use the aSa function oN~* for a/M=0.1 and 0.2. In this 3D space,
same numerical method as that adoptefiLirfor solving the 7 is zero for exacth so that» may be regarded as the
matrix equation iteratively. One concern is whether the regumeasure of the error foA. In Fig. 2b), we also show an
larity is maintained around=0 and in this method be- error of the solution defined as

cause there appear many terms of 8i& (n=1,2) in Eq. N, N,

(2.1). In the next section, we demonstrate that it does not E= 1 S |h(i,j)—hgi,))] (3.9
matter and our new scheme can capture a highly distorted NNM & & e '
apparent horizon.

gt

wherehg(i,j) is the exact solution. In this experiment, we
chooseN=15, 30, and 60. As is shown in Fig. 2, andE
decrease in proportion 882, which shows that the second-
Throughout this paper, we assume that the three-space hasder convergence is achieved in our code.

IIl. NUMERICAL TESTS

the conformal flat line element as Within ~ 30 iteration steps, the convergence to a numeri-
o cal solution is achieved for=<0.1IM. The number of itera-
dI?= g ;;dxXdx, (3.1 tion steps increases with increasiagbut it is at most~50
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FIG. 3. (a) Area of the apparent horizon in units of 61 for =1.5m (squaresand 2m (triangles for three black holes.

one of three black holes as a function mfL. (b) The error for
estimation of the area as a functionrofL for N=15 (dashed ling A, in units of 16rm? for one of three black holes as a
30 (dotted ling, and 60(solid line). function ofm/L. We perform the computation changihias
15 (dotted ling, 30 (dashed ling and 60(solid line), and

even fora=0.2M. These facts imply that even if the initial derive the extrapolated value in the limit—o assuming
guess is not very good, the convergence is achieved fairljhat the numerical results fal behave asAy,dN)=Aqne
quickly. The computational time per one iteration is typically + CN~2 whereC is a constant. We find that,is in good
0.1 CPU second USing a FACOM VX/4R machine even foragreement of the previous result presente([:{h In F|g
theN=60 case, which will occupy a tiny fraction in our 3D 3(b), we show the error for estimation of the area defined as
simulation in full general relativity8].

We note that even for the case=0.2M, the apparent ’ Agrd N)

horizon is determined accurately. This implies that the origin A
one

of the coordinate system fokp( #) may highly deviate from
the centers of the black hole. This will be a desirable prop-
erty because the location of the center of a black hole is ifor N= 15 (dashed ling 30 (dotted ling, and 60(solid line).
general not clear in 3D numerical simulations. We find that the numerical results are second-order conver-

Next, we apply the apparent horizon finder to a 3D spacgjent irrespective of. and that the area is obtained within
of three black holes of equal mass(i.e., the total gravita- (0.29% error even foN=15.

) (3.6

tional massM is 3m). For simplicity, we choose/ in the Next, we determine the maximum allowed value lgf
Brill-Lindquist form [12] L.i, for the existence of the common apparent horizon
3 changingN. We find thatL.;;/m=2.02 forN= 15, 2.04 for
y=1+ m > 1 (3.5 N=30and 60, and 2.05 fai=90. Thus, it is expected that
2 =1 X=Xl ' L ¢t is =2.05m in the limit N—co. This value approximately

agrees with the previous result by Oohaataal. who con-

Here, we locate, at the vertex of an equilateral triangle. We clude thatl ;= 2.0m [3].
choosex, as (L/2,+L/2,0) and(L(1—3)/2,0,0 whereL In Fig. 4, we show the error for the estimation pbf the
denotes the coordinate length of the side of the triangle. Alcommon apparent horizon as a function Nf'' for L
though the system has the plane symmetries with respect to1.5m and 2.0n. This figure is obtained as follows: First,
they=0 andz=0 planes, we solve E¢2.1) without impos-  we determine the asymptotic value gpfat N— = (hereafter
ing these symmetries in numerical experiment. 7IN_.-) assuming thay behaves asyy_...+C’N~? for large

As shown by Ooharat al.[3], only the apparent horizons N where C’ is a constant, resulting imy_... being 6.60
for encompassing individual black hole exist for the casex 1072 for L=2m and 1.4x 102 for L=1.5m. Then, we
when'L is large enough. On the other hand,Lifis small  plot »— 7, ... as a function oN~1. The figure shows that
enough, the common apparent horizon encompassing all thie results are second-order convergent with increasing the
black holes exists. Hereafteilve search for the common agyrid number. We note that Oohaea al. computedn=6.62
parent horizon with ¢, 6) = (¢, 6) and from an initial guess X102 for L=2m [3], which is in good agreement with our
for the solution a$,=2m. For the smaller apparent horizon result=6.60x 10 3. The error of the area is approximately
encompassing one black hole, we definef) so that the evaluated by 3» where §» denotes the error of;. Thus,
origin is atx=x, and give the initial guess ag=0.5m.  even forN=15, the error for the estimation of the area is less
Irrespective ol the apparent horizon for the smaller hole is than 0.1% forL=1.5m. For L=2.0m, the error for the esti-
determined with~ 30 iteration steps. On the other hand, themation of the area is larger than that for 1.5m, indicating
iteration steps increase with increasindgor determining the that a largeN is necessary for highly nonspherical apparent
common apparent horizon. Fbr-1.5m, ~40 iteration steps horizons. However, the error is still at most0.2% for N
are enough, but fac =2m, more than 100 iteration steps are =30. Therefore, for determining the area of the apparent
necessary. horizon within ~1% error, N=30 appears to be a suffi-

In Fig. 3(@, we show the area of the apparent horizonciently large grid number.
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T initial guess. As an example, in Fig. 5, we show the location
N of apparent horizons on the orbital plafselid lineg for the
1 case that the centers of the dust balls are located at
x==*3.5,=X., and the total rest mass, the Arnowitt-Deser-

5 0 Misner (ADM) mass, and the total angular momentum of the
o 1 system are 1Qy, 6.8, and 35(2). Here, the dashed lines

2r ] denote the surface of the dust balls, and all quantities are
L N 1 normalized by the radius of the dust ballg We note that
A T, the apparent horizon is typically determined within 30 itera-
R X}’ro g tion steps for a wide range of<0.5 and|x.|/ro<4. It is

interesting to report that the apparent horizons are shifted in
FIG. 5. Locations of apparent horizorisolid lineg for two  the opposite direction to the moving direction due to the
orbiting black holes. The dotted lines denote surface of the dusboost motion as shown ifi3].

balls. The arrow denotes the direction of the motion of the dust
balls. IV. SUMMARY

Finally, we apply this finder to an initial data of two or-  We have briefly described a numerical method for finding

biting black holes of equal mass to demonstrate that it work@PParent horizons in general 3D spaces of no symmetries.
well even for time-asymmetric 3D space and numerical datenowing numerical results for test problems, we have dem-
sets. Data sets for binary black holes are obtained inputting @nstrated that this code can determine the apparent horizon
dense spherical dust matter and adding a uniform velocity? 9eneral 3D spaces. It will be widely used in 3D numerical
field to the spatial component of the four velocity as relativity, for example, to find the apparent horizon of a
—(0,VX/|x|,0) whereV is a positive constant. Here, we as- black hole formed after merger of binary neutron stars of
sume that the centers of mass of two dust balls are located€qual mass.
along the x axis. The parabolic density profile fop,

=py®J1+V?/y* wherep is the rest mass density is given

for the dust balls as ipl] so that the momentum constraint ~ We started this work when M.S. visited SISSA. He thanks
can be solved analytically. On the other hand, the Hamil-J.C. Miller, L. Rezzolla, and D.W. Sciama for their hospital-
tonian constrainti.e., the equation fory) is solved numeri- ity. Numerical computations were performed on the FACOM
cally as in[1]. We choose ¢, 6), identifying their center VX/4R machines in the data processing center of NAOJ.
with the center of the dust balls, and gilie=1.5r5 as the  This work was supported by JSPS.
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